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Abstract

In this note we have obtained some novel result on mixed
trilateral relations involving extended Jacobi polynomials by group
theoretic method which inturn yields the corresponding results
involving Hermite, Laguerre and Jacobi polynomials.
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1. Introduction

The extended Jacobi polynomial is
defined by ':

(-1)“( A

WA = \E—a

X D™[(x — )% (b — x)"*], (11)

) G-ar=p-x*

where D = EJ? and A is a number such that

=0

b—a

In this paper we have encountered

somenovel result on mixed trilateral relations
involving , (@, B + n; x)-amodified form of

F,(a, B; x) and derived an unified presentation
ofaclassof' mixed trilateral generating relations
for certain special functions.

The main result of our investigation is
stated in the form of the following theorem.

Theorem 1. If there exists a bilateral
generating relation of the form:

L=

Glxu,w) = Z @ F(@, f+m; x) ga(u) W™, (1 2)

n=uo
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where g, (1) is an arbitrary polynomial of degree », then

1 ~1-a-f
- s B
{1 b—a(x b)w} (1+iw)
A
- ba_ 7 (x — b)w wz(1 + Aw)
F) U, 1 3
1_b_a(x‘“b)w {1-‘6_—‘1@('-!))%’}
- Z whao,(x,u,z), (1.3)
n=0
where

mn
n
a5z = Z a, (p) Fo(a, B—n+ 2p; x) g,(u) zP.
p=0
The importance of the above theorem lies in the fact that whenever one knows a

generating relation of the form (1.2) then the corresponding mixed trilateral generating relation
can at once be written down from (1.3). So one can get a large number of mixed trilateral

generating relations by attributing different suitable values to a, in(1.2).
1. Proof of the theorem

Wenowconsider the following partial differential operator R[2]:

A [k=a)(x=-b)zd (x—a)zd 7% 3
R——b_a yz aﬁ' ¥ a+(2x-a—b)~5£
z
such that

R(Fa(@, B +mx)yPz") = (n+ DFyyq(a, B +n— 1;x)yF~2201. (2.2)
The extended form of the group generated by R is given by

AW 2 e e 4
% flx, .y, 2 =[1" x=b _]
flx, y, 2) ( )b—ayz
x = (1= b) p2 > y(”f’ﬂfi) (144w 3722')
xfl iw z' Aw z* iw z)? ik
1-G=b)y— =2 t=lEmbly—g o {1—(“%—::?}

Let us assume the following bilateral generating relation of the form:
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G(x,u,w) = Z aE.(a,B+n;x) g,(w) wm. (2.4)
n=0
Replacing w by wz and multiplying both sides of (2.4) by y* and finally operating "* on both
sides, we get

ol (y*8 G(x,u, wz)) =gWh (Z an(Fo(a, B + n; x)yPz") gn(u)w“). (2.5)

n=0
Now the left member of (2.5), with the help of (2.3), reduces to

Aw gy teB z\P
1-(x—b —} A (1 —)
{ (x )b—ayz y +J{wy2
Aaw  z z
x—(x—b)m—z wz 1+)~W—2
X G —2 - i (2.6)
o o — LT A w oz
ol L 2 {1—(x—b)m ?}
The right member of (2.5), with the help of (2.2), becomes
oo n
= n B B-2p
= An—p(W2) (p) E(a,B+n—2p;x) gop(W)y ¢ (2.7)
n=0 p=0
Now equating (2.6) and (2.7) and then substituting 5_— =1, we get
A R = x - ba_,l - (x—b)w wz(1+ Aw)
[1— _a(x—b)w} (1+ ) G - % - ;
=g =bw  {1-22—(x—bhw}
= Z who,(x,u,2),
n=0
where

n
n
on(x,u,2) = Z a, (p) E.(a. B —n+2p;x) g,(w)z?.
p=0
This completes the proof of the theorem.

2. Special cases:
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We now discuss some special cases of interest.

Special cases 1(On Laguerre polynomials):

Puttinga = 0,4 = 1and b = £ in Theorem
land then simplifying and finally taking limit
as § — @, we get the following results on

mixed trilateral generating functions involving
Laguerre polynomials:

Theorem 2: If there exists a bilateral
generating relation of the form:

o

G uw) = D anl$ () gnw) w

n=0
(1= w)y " exp 5 xt)o(lfw,u,llizw)

= Z wh LS.:I) (x)O'n (H, Z), (1'3)
n=0

then

where
n

w2 =) a(3) 6, 2,

p=0
which is found derived*.

Special cases 2(OnHermite polynomials):

Similarly, puttinger = 8, —a = b = \a

and 4 = é in Theorem 1, then simplifying

and finally taking limit as @ — 00, we get the
following result on mixed trilateral generating
relations involving Hermite polynomials:

Theorem 3: If there exists a bilateral
generating relation of the form:
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Glx,u,w) = Z a, Hn (1) gn(uw) wh

then

exp(2xw — w?) G(x —w, u,wz) = Z w?:l' Hn(X)on(u,2), (1.3)

n={

where

on(u,z) = ap p) gp(u) z7P;

=
||M:s
=]

which is found derived’®.
Special cases 3 (On Jacobi polynomials):

Again, if wePut—a=5b=1, 1=1

and interchanging &, £ in Theorem 1, we get

the following results on mixed trilateral
generating relationsinvolving Jacobi polynomials:

Theorem 4: If there exists a bilateral
generating relation of the form:

Glx,u,w) = Z anP,f“+"' 2 (%) gn(w) wh

then
- - T
+3a-0f " e’ Ja=a, seren
1+7(1-2) {1+70-x)
= Z who,(x,u,z),
n=0
where

on(u,2) = Z ay () BT D) gy(w)a,

which is found derived’.

Finally, we would like to point it out
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that we can get a resultfound derived’ which
is analogous to case 3 above, if we use the
following symmetry relation:

PP (—x) = (-1)"B%?(x).
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