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Abstract

The aim of this paper is to establish a new fixed point theorem
on complete metric space for weak commuting mapping. Our results
generalize several corresponding relations of weak commuting mapping

inmetric space.
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1. Introduction

In 1982 Sessa® defined weak commu-
tativity in the theorem of Jungck? and its various
generalizations by introducing the weak
commutativity. Fisher’ proved following

theorem for two commuting mappings § and
T

Theorem 1.1:1f S is a mapping and T
is a continuous mapping of the complete metric
space X into itself and satisfying the inequality:

d(ST,TSy)< k[d(Tx, TSy) + d(Sy,STx)], (1.1)

forall x,y € X ,where 0 <k < 1/2,then Sand

T have a unique common fixed point.
Fisher further extended his theorem

and proved a common fixed point of commuting
mappings Sand T,

Theorem 1.2. If S is a mapping and 7
is a continuous mapping of the complete metric
space X into itself and satisfying the inequality:

d(ST,TSy) < k[d(Tx, 5Tx)+ d(Sy.TSy)], (1.2)

forall x,y € X', where 0<k <1/2,then Sand
T have a unique common fixed point.

Ranganathan’ has further generalized



the result of Jungek® which gives criteria for

the existence of a fixed point. Jungek” introduced
again more generalized commutativity, the so
called compatibility,which is more general than
that of weak commutativity. A fter that Jungck®
coined the term of compatible mappings in order
to generalize the concept of weak commutativity.

Weak commuting mapping received much

attention in recent years' !,

2. Weak Commuting Mappings and Common
Fixed Point

In this section Weak commuting
mappings and unique common fixed point theorem
in metric space is established. First we give
the following definitions:

Definition 2.1. According to Sessa®
two self maps S and Tdefined on metric space

(X .d ) are said to be weakly commuting maps
if and only if d(STx,TSx) < d(Sx, Tx), for all
xeX

Definition 2.2. Two self mappings

Sand T of metric space (X,d) are said to be

weak™" commuted, if S(X) = 7'(X) and for any
xekX,

d(S3T2x, T3S x)< d(S7 T, T51)

< d(STx,7Sx)< d(STx, Tsx)

<d(S’x,T’x)

Definition 2.3. Amap S: X > X, X

being a metric space, is called an idempotent,

S =5,
Example 2.1. Let X =[0,1] with
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Euclidean metric space and define S and T by

X X
Sx= Jx == forall y € X, then

X+3S D
[0, 9/10]C[0,1] where Tx = [0,1] and
Sx =0, 9/10]

X 73
6x+625 150x+625

144x*
(6x +625)150x + 625)

d(S*Tx,T25x) =

2 24x*
~ (6x +125)30x +125)

_ X B X
6x+125 30x+125
= d(S*Tx, 75 x).

Implies that d(S°7x, 725x) < d(S*7x, 75x)
x X
6x+125 30x+125
24x?
(6x+125)30x +125)

24x°
(x+125)25x +125)

d(S°Tx,15%x) =

=

X _ X
x+125 25x+125
= d(ST*x,T*Sx)

d(S*Tx.T5%x)<d(ST*x,T5x)
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d{ST 5 T5) = o
ST x.T"8x x+125 25x+125
R 24x?
d(sT1%85%) = 1) 125)5x + 125)
4

o
" (x+25)5x +25)

. X B X
x+25 5x+25
= d(STx, TSx)

d(ST>x,728x)< d(STx, TSx)

X
x+25 5x+25

d(STx,Tsx) =

- 4x?
~ (x+25)5x+25)

6x?
et
25(6x +25)
e B g W
25 6x+25
=d(rx.5%)
d(STx,TSx) < d(Tx.5%x).

Using [0, 1] for xeX, we conclude that
definition (2.2) as follows:

d($* 725 728%x) < d(5775, T5%)
<d(ST*x. 72 $v)<d(STx.T5) <dl(57x,7x)
for any x € X.

We generalized the result of Yogita R Sharma'®,
Lohani and Badshah®, a by using another type
of rational expression’.

3 Main theorem :

Theorem 3.1. If S is a mapping and T
is a continuous mapping of complete metric
space {S,7} is weak commuting pair and the
following condition

le(rx.s2r2)] +als2r.m25%)]
W % 5T )f + [d?»TS'.HJ

ld x5 +[a(r2x, 1252
T kx5 )+ palrv s o)f

+d(T%x,52y)

AT 5,75y )<

(3.1.1)

for all x. y in X, where @,>0 with

2(a+ B)+ y <1,thenSand Thave aunique
common fixed point.

Proof. Let x be an arbitrary point X. Define

(S 7"}x X5, /0F Tz(? Tq)"xzxm,,

where n=0,1,2.3....,
G.1.1),

by contractive condition

d(x,,.x,,,)= .t!((S?T2 ) x, 72 (s27° Yx)

sl
[ty csrstery o N I
s S

—dls*r*(s°77)

<
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sl f_’m

by vsrilsr) )

el +[A{r1(\‘=7'=}
|l:d(f':(.x‘*:rl}“".r.._\'f;"‘{.S"f':J '.rﬂ‘
i oy wrseer b

O ) R el O o

<a [d(x"’n—! xzn)F + [d X2no 1szl)“"
[d xEu 2 JJ' )] + [d J“?n’x"nvi )]

oy s i )
24 (x50, )F +Bel (3,025, )F
Fod (X s %s)
S a[d(xz.-z—] 2 ) s )]
+PlA (x5 %0,) +d(X,5,,%5,,)]

+ yd(xm—l ? xZn )
= (a + )8 + Jv)ar(xln—l 5x2u )+ (a + ﬁjd(rln-‘ x:u+l)
(l —a- ﬁ}i(xln ’x2unl) = ({Z T ﬂ + }/}d(xzn—l ")‘:2:1)

(+pB+7y) ‘
x2n+1 )S (l —a _ﬂ) d(xfn—l "lin)

= d(‘x2n > x2n+1 ) = Kd(xzn—l 3 xZn )

= d(x,,.

(@+p+7)
(- p)

where k =

Proceeding in the same manner

d(xln L] x?]h—l ) S kzn_id(xl * x? )‘

Zd(x,.,x,._,,) for m>n.

i=n

AISO d(xu * .r.rr) =

Since k < 1, it follows that the sequence {x,!
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is Cauchy sequence in the complete metric
space X and so it has a limit in X, that is

limx, =u=Ilimx, ,

H—o =0

and since T is continuous, we have
- . 2 2

u=limx,,, =lim7%(x,,)=T"u.
M=doD n—on

Further, '
d(xEHI,S'QIJ):d(Tz (S T2 ]MIA Szth

= dlr*(s°12)" .5 (%))

for u=T"u
) | [ <ful(s2r2) sy
[a’ (r2u.s°72)] +ld(( ey 2y of

[msrmr
b rur(s21) \']r

[alr2u sy )f
[2dT2u (S*72y )

+3d(T*u.(S*T*)™ x)
< ald(T21£,S2T2u)+ d(x,,.50%5,.5 )J
+ Bld(T?u,x,,,,) +d(T u,x,, ;)]
+ (x50, T %)
< a[d(u,Szu)+ d(x,,,,.%,,.; )]
+ Pld(u,xy,.,) +d(U, %y,,5)]
+ d(xy,.,,U)

Taking limitas 7 — oo . it follows that

d(y,Szu)iO,
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which implies
d(u,Szu) —Qandso u=S*u=T"u.

Now consider weak' commutativity of pair
{S.T} implies that

S*T*u=T*8*u,S*Tu=TSu,ST*u=T"Su and

50 8%r="Ti and T*Su=Su.
Now,
d(u,Su) = d(S*T*u.T°S* (Su))

< A5 T)] +[als* ()15 (su)

I,
[d(T w,S*T ) +[a(s* (Su) 728> (su))f

(20,57 (s +[a(r?u. 1252 (su)f
(720, 5% (s0)f +[a(s2u.7252(su))f

+ (T, S (Su))
[d(u, u)]3 4 [d(Su, Su)]3
[d(u, u)]2 +[a’(Szﬂz,Su)]2

[d(u.Su)f +[d(u.Su)]

[Za’(u. Su)l' +[3d(u, Su I

d(u.Su) < Bld(u, Su)+ d(u, Su)j + wd (u, Su)

(1 —2[)’~}f)d(u,Su.)S 0.

+ yd (u,Su)

This implies that (l -20- ,’V) # (). Hence
d(u,Su) =0 or Su=u.

Similarly, we can show that Ju=u. Hence, u
is a common fixed point of S and 7. Now
suppose that v is another common fixed point
of S and T. Then

dlu,v)=d(S* T, T2S7)

< Jdru s ru)] +la(s?v.1s% )
 arru s +[a(s, 257

[a’(Tzu. S‘zv)]: —t—l-a‘('.i’"zu.l"1SEVJ]l
Ralrzu.s)f +Balru.r?s )

< a'[d(rf,u)+ d(v.\-')]+ Bld(uv)+ d(u.v}]-ﬁ-}d(ﬁ,v]
d(u,v) < pd(u,v)+ 2pd(u,v)

(1-p5- Zy)(i(u,v)é 0.

+ 71T, S%)

Since, (1 - g — 2}/)# 0. then d(u,v)=0.
Thus, it follows that z#=v, Hence S and T have
a unique common fixed point.
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